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Abstract. We perform a quite detailed theoretical investigation of the temperature dependence
of the static and dynamical structure factors for undercooled potassium. The static structure
factors are calculated from the hybridized mean-spherical approximation (HMSA) form of the
integral approximation using pair potentials constructed from a non-local pseudopotential and
the dynamical structure factorsS(q, ω) within the viscoelastic approximation. We show that
the characteristic features of the static structure factors as obtained from molecular dynamics
simulation are reproduced within the present framework and that, essentially, the general features
of S(q, ω) at the melting points are still preserved in the undercooled region.

1. Introduction

The study of the static and dynamical structure of liquid metals has attracted the attention
of a considerable number of researchers over a long period of time [1–3]; the result has
been considerable advancement in both the theoretical and experimental methods required
for such investigations. From the experimental side, technological advancement has made it
possible to study liquid-metallic systems under conditions of high temperature and pressure,
especially expanded systems [4]. The undercooled region has not been studied so much,
although its study could offer more insight into the mechanism of metallic glass formation.

From the theoretical perspective, static structure factors have been studied with
increasingly elegant techniques of liquid-state theory such as computer simulation [5, 6],
integral equations [7, 8] and perturbation calculations [9]. The main result has been that
with the advance in the level of sophistication involved in the theory, the methods have
tended to give excellent results for static structure. The major limitation has always been
as regards how well the pseudopotential used describes the electron–ion interaction via the
pair potential for the system being studied.

In quite recent times, Lai and co-workers [5, 6] have made various attempts using
molecular dynamics (MD) and Monte Carlo (MC) simulations to study the undercooled
region for liquid Na and K using pair potentials obtained from the generalized non-local
pseudopotential of Liet al [10]. One of the major points elucidated by Laiet al [5, 6] in their
papers is a recipe for determining the variation of the atomic volume� with temperature;
this is useful since� is usually obtainable only from experiment. It is noteworthy that�

is an important parameter for determining reliable interatomic potentials.
Motivated by the availability of� versusT curves for liquid K in the undercooled

region [6] and also—very newly—data on the dynamical structure factors of K [11, 12], we
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present in this paper preliminary results for the static structure factorS(q) and the dynamical
structure factorS(q, ω) for K in the undercooled region.

The static structural propertiesS(q) and the pair distribution functiong(r) used in the
present calculations are obtained from the solution to the HMSA integral equation of Zerah
and Hansen [13] using the same generalized non-local model potential (GNMP) as was
used in the calculations of Laiet al [6]. This makes it possible for us to make a direct
comparison between the results for static properties obtained using the HMSA and those
from computer simulations.

The main aim of this paper is thus to present theoretical results for the liquid dynamics
of undercooled K, from hydrodynamic through viscoelastic to free-particle motion.

The present paper is organized as follows. In section 2, we present the relevant formulae
required for the present calculations. In section 3, we discuss the computed values of the
static and dynamical structure factors as well as the longitudinal current fluctuations. We
end the paper with a brief summary of our conclusions.

2. Theory

2.1. Pair potentials

Given a system of particles in a volume� and at a given densityρ = N/� assumed to be
interacting via a pairwise potentialφ(r), the pair potential is constructed using the GNMP
of Li et al [10] as

φ(r) = Z2
eff

r

[
1− 2

π

∫ ∞
0
FN(q)

sinqr

q
dq

]
(1)

whereFN(q) is the normalized energy–wavenumber characteristic andZ2
eff = Z2 − ρ2

d , Z
being the valence andρd the depletion charge. The calculation ofFN(q) involves a local
field factor and, for this, we use the Ichimaru–Utsumi [14] form.

2.2. Integral equation theory

The pair distribution functiong(r) used in the present calculations is obtained from that
proposed by Zerah and Hansen [13] as an extension of the Rogers–Young approximation
[15] to deal with attractive potentials. It is determined from the solution of the Ornstein–
Zernicke (OZ) equations

h(r) = c(r)+ ρ
∫
c(r ′)h(|r − r′|) dr′ (2)

and reads

g(r) = exp[−βφr(r)]
(

1+ exp{f (r)[h(r)− c(r)− βφa(r)]} − 1

f (r)

)
(3)

whereρ is the number density,β = (kBT )
−1 is the inverse temperature in units of the

Boltzmann constant,h(r) = g(r) − 1 and c(r) is the direct correlation function.φa(r)
and φr(r) are the attractive and repulsive parts of the pair potential. In equation (3),
f (r) = 1 − exp(−αr) is the mixing function and it smoothly interpolates between the
soft mean-spherical approximation (SMSA) atα = 0 and the hypernetted-chain (HNC)
closure at large values ofα. The mixing parameterα is used to impose thermodynamic
self-consistency of the viral and fluctuation routes to the equation of state. For a practical
determination ofα, we follow the suggestion of reference [13], which is thatα is assumed to
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be locally constant with respect to density when taking the isothermal density derivative of
the viral pressure. The numerical derivative is then equated to the isothermal compressibility
as obtained from the fluctuation-dissipation theorem.

This closure called the HMSA was solved using the Newton–Raphson numerical
algorithm designed by Abernethy and Gillan [16, 17] using a mesh with 2049 points and a
grid size1r = 0.025a, wherea = (3/4πρ)1/3.

Figure 1. The static structure factorS(q) for K at 343 K; (♦) experimental results from [22])
and (——) theoretical values.

2.3. The dynamical structure factor obtained from the viscoelastic approximation

In the viscoelastic approximation, the dynamical structure factorS(q, ω) is given by the
expression [18]

S(q, ω) = 1

π

τ(q)ω2
0(q)[ω

2
l (q)− ω2

0(q)/S(q)]

[ωτ(q){ω2− ω2
l (q)}2+ [ω2− ω2

0(q)/S(q)]
2]

(4)

where

ω2
0(q) =

∫ ∞
−∞

ω2S(q, ω) dω = V 2
thq

2 (5)

andτ(q) is a relaxation time, given in the approximation of Lovesey [19] by

τ(q) =
√
π

2
[ω2

l (q)− ω2
0(q)/S(q)]

−1/2. (6)

Vth =
√
KBT/M is the thermal velocity andM is the mass of the ions.

ω2
l = 3ω2

0 + ω2
E

[
1− 3 sinqσ

qσ
− 6 cosqσ

(qσ)2
+ 6 sinqσ

(qσ)3

]
(7)

whereωE is the Einstein frequency, and is given by

ωE =
[

4πρ

3M

∫ ∞
0
r2g(r)

d2φ(r)

dr2
dr

]1/2

(8)
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Figure 2. The temperature variation of the pair
distribution function g(r) for undercooled K at the
temperatures indicated on the figure.

Figure 3. The static structure factorS(q) for under-
cooled K at the temperatures indicated on the graphs.

with σ being the value ofr at whichg(r) is a maximum. From the dynamic structure factor,
we calculated the longitudinal current correlation functionJl(q, ω) through the equation

Jl(q, ω) = ω2

q2
S(q, ω). (9)

3. Results and discussion

3.1. The static structure factor S(q)

Using the HMSA integral equations presented in section 2.2, we investigated the variation
of S(q) with temperature for five values of the temperature varying from 343 K (the melting
point of K, and quite close to the value 340 K for which experimental results for dynamic
properties are available [11, 12]) and 75 K which was about the lowest temperature at
which we could obtain thermodynamic self-consistency (TSC) within our integral equation
closure.

The atomic volume at 343 K was taken from [20] while those for other temperatures
were taken from the estimates derived by Laiet al [6] on the basis of their MD simulations.

As for the practical implementation of the HMSA for the present calculations, the most
important observation is that, with the decrease in temperature and atomic volume, it takes
more computational time to obtain the consistency parameterα. We infer that this could
be due to the possibility that, at such low temperatures, we are getting close to some sort
of glass transition point. This behaviour is similar to that obtained using the modified
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(a)

(b)

Figure 4. (a) Dispersion curves of the collective modes in potassium at 343 K. (b) The dispersion
relationωm(q) for potassium as obtained from the maximum of the longitudinal current-density
correlation function, at (A) 343 K, (B) 300 K, (C) 225 K, (D) 150 K and (E) 75 K.

hypernetted-chain closure (MHNC) [21] at temperatures very close to the freezing points
for dense fluids. Moreover, the calculations had to be terminated at a temperature of 75 K
because, for temperatures a little below this value, the calculations tend to the SMSA (i.e. the
α = 0) limit of the HMSA, which is definitely not thermodynamically self-consistent.

From our results for liquid K at the melting point, which are given in figure 1, we
observe that the HMSA coupled with pair potentials calculated from the GNMP gives a
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Figure 5. The variation of the dynamical structure factorS(q, ω) (ps) withω (ps−1) at different
values ofq; (——) theoretical values, (· · · · · ·) experiment.

very good description ofS(q) for liquid K. Apart from a slight overestimation of the first
peak height, the oscillations inS(q) are duplicated well by our calculations. This deduction,
coupled with previous calculations in [7] for liquid potassium at temperatures higher than
the melting point, gives us enough confidence to proceed with the calculations for lower
temperatures. In this paper, the experimental value ofS(q) at the melting point (figure 1)
has been taken from [22].

As to the temperature dependence ofg(r) in the undercooled region, there are no
experimental data available to compare with; however, we observe that the general effects
of a reduction in temperature such as a flattening of the second maxima ing(r) with
temperature and enhanced oscillations at larger are reasonably well indicated by our
calculations, in agreement with computer simulation [6]. However, as a result of not



Dynamical structure of undercooled liquid potassium 539

Figure 5. (Continued)

achieving TSC at low enough temperatures, our calculations do not show very distinctly
the development of a twin peak structure which Laiet al [6] obtained at a temperature of
66 K for undercooled potassium using computer simulation. A perusal of our calculated
g(r) at 75 K in figure 2 shows features for the second maximum which are at variance with
those for higher temperature and could be the precursors of the splitting. We also illustrate
in figure 3 the resultingS(q) for the same temperatures as theg(r) curves are presented
for. One observes a rapid enhancement in the peak heights due to increased correlations,
and a narrowing of the first peak inS(q) with decrease in temperature. However, the
enhancements in the heights of the other peaks are not as significant as what obtains for the
first one.

Using the static structure obtained from the HMSA integral equations with a large degree
of confidence, we then proceeded to compute the dynamical structure factors.
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Table 1. The atomic volume (�), σ , thermal velocityVth and Einstein frequenciesωE obtained
for K at the temperatures listed in the table.

System Temperature (K) � (au) σ (Å) Vth (104 m s−1) ωE (meV)

K 343 530.17 4.52 2.7002 4.789
300 513.75 4.48 2.5084 4.927
225 495.00 4.47 2.1773 5.105
150 480.00 4.50 1.7797 5.454

75 470.00 4.60 1.2457 5.823

3.2. The dynamical structure factorsS(q, ω)

In order to calculate the dynamical properties, we proceed in our calculations as follows.
Using theS(q) andg(r) obtained from the HMSA, we obtainσ (in equation (7)) as the value
of r for whichg(r) is a maximum. The Einstein frequencyωE is obtained from equation (8)
using the second derivative of the pair potential obtained in equation (1). The calculations
were done in a fully consistent way in the sense that all of the parameters are obtained
from the same GNMP potential and there is no fitting of any form. The implication of this
is that one expects the results to be as good as the GNMP is at modelling the interionic
interactions within the systems. One might note that the potential is one which incorporates
higher (i.e. above second-order) pseudopotential perturbation corrections. A table of the
relevant parameters used for the present calculations is given in table 1.

We start by comparing our results for the dispersion curves at 343 K with the limited
experimental data given in [11, 12]. The results are presented in figure 4. A perusal of the
curves shows that the agreement between our calculated results (without any fitting) and
the experimental results is quite good. In order to obtain additional experimental points in
the diagram, what we did was to use the value ofωE given in the papers and experimental
values ofS(q) to obtain the dispersion curves within viscoelastic theory. The dispersion
curves obtained using this technique gave values which were in excellent agreement with
experiments. The same procedure was used to obtainS(q, ω), which we compared with our
calculations for various values ofq (between 0.5 and 2.5̊A−1) as indicated in the graphs
in figure 5.

From a comparison of experiment and theory, it is quite clear that our calculated results
are reasonably good. The general features of the dynamic structure factor are quite similar
to what is observed experimentally for Cs [23] and Rb [24], namely that there are collective
excitations in liquid K at the melting point forq 6 1.6 Å−1. The peak disappears at about
q = 1.6 Å−1 but reappears atq = 2.0 Å−1 with a shoulder. This effect could be related to
the possible existence of a dispersion gap in the range 1.66 q 6 2.0 Å−1.

In order to study the effect of a reduction in temperature onS(q, ω) over a large range
of q andω, we present in figure 6 a three-dimensional plot of the dynamical structure factor
at the melting point (343 K) and that for undercooled potassium at 75 K.

We make the following observations from the figures. At this point, one should note
that there are no significant deviations from the trend presented below in our calculations
during the gradual reduction in temperature from 343 K to 75 K.

Firstly, we observe thatS(q, ω = 0) has a temperature dependence of the peak heights
that could easily be related to the variation in the peak height ofS(q). In addition we
note that for all of the temperatures investigated, our calculations indicate that the width
of the first diffraction peak (which occurs typically close toq = 2.0 Å−1) in the spectrum
of S(q, ω) narrows considerably; this effect is the well known de Gennes narrowing [26].
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(a)

(b)

Figure 6. Three-dimensional plots of the dynamical structure factorS(q, ω) (ps) versusω (meV)
andq (Å−1), (a) at 343 K and (b) at 75 K.

An obvious point is that there are collective excitations propagating in liquid K even in the
undercooled region; this is evident from the peaks inS(q, ω) both in planes of constant
q and those of constantω. Lastly, the calculations indicate that within a certain range,
e.g. 2.256 q 6 3.5 Å−1, S(q, ω) is structureless. For more sophisticated calculations using
mode-coupling theory, this effect lends credence to the use of two-relaxation-time memory
functions for dense fluids [25].

Our calculations indicate that in general, apart from enhancements in peak heights, there
are no major structural changes in dynamical structure that occur in taking potassium from
its melting point to quite low temperatures within the undercooled region.

3.3. The longitudinal current correlation functionJl(q, ω)

The last quantity that we investigated was the longitudinal current correlation function
Jl(q, ω). Firstly, we present in figure 4(b) the dispersion relationωm(q) obtained from the
maximum ofJl(q, ω). It is observed to show the following interesting features.
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(a)

(b)

Figure 7. Three-dimensional plots of the spectral functionJl(q, ω) of the longitudinal current
correlation function for liquid K at (a) 343 K and (b) 75 K.

With decrease in temperature, the first peak inωm(q) shows an increase which, apart
from its magnitude, is typical of the effect of reduced temperature onS(q) in the low-q
region. Secondly,ωm(q) has a phonon-like mode for smallq, a peak at intermediateq-
values and a local minimum at the position corresponding to the location of the maximum
in S(q); in addition, one observes that the lowest first minimum occurs for the lowest
temperature. Furthermore, one notes that, for largeq-values, there is an increase inωm(q)
which is proportional to

√
T and obviously comes from the dependence ofω0(q) on

√
T

via the thermal velocityVth.
We present in figures 7(a) and 7(b) three-dimensional plots ofJl(q, ω) as functions of

ω and q for liquid potassium at the melting point and atT = 75 K for the undercooled
liquid.

From a perusal of the two figures, we observe thatJl(q, ω) has a maximum at a certain
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frequency as determined from equation (9). Its essential feature at the melting point is that,
at low energies, there is a sharp sound peak, split by electronic effects. At higher energies,
the two sub-peaks are observed to merge gradually into a broader peak that shifts to smaller
wavenumbers and meets the sound-wave peaks at the highest frequencies.

We note that the longitudinal current correlation function, has more changes in its
structural features than are observed for the dynamical structure. In particular, one observes
that, with increase in temperature, there is a gradual change in gross features such that for
the lowest value of temperature at which our calculations were performed (figure 7(b)), one
observes that the sound peaks have drifted a little to higher frequencies; their magnitudes
are also reduced by a factor of 2. Moreover one also observes what looks like a reduction
in the extent of the sound peaks.

4. Conclusion

In the present paper, we have presented preliminary (due to the limited validity of the
viscoelastic approximation) results for the static and dynamical properties of undercooled
liquid potassium. A summary of our main deductions is as follows.

(i) With decreasing temperature, there is a pronounced enhancement in the magnitude
of the peaks ofS(q); this effect is more significant for the first peaks than subsequent ones.

(ii) There exist collective excitations in liquid K, even in the undercooled region where
they are in fact more pronounced.

(iii) A reduction in temperature has a more noticeable effect on the longitudinal current
correlations than what obtains for dynamical structure factors.

(iv) As for S(q, ω), the gross features at the melting point are still preserved in the
undercooled region.
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